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INTRODUCTION 

The decay of polarization a t  the interface between a flat-plate e lectrode and the 
These adjacent electrolyte has  been t reated analytically by Grahame (1) and Scott (2). 

authors have pointed out that  formidable computational difficulties a r e  involved in the 
determination of kinetic pa rame te r s  f rom experimental  da t a  because of concentration 
changes which occur a t  the interface. However, Grahame ( l ) . h a s  shown that  approxi- 
mate  solutions which reveal  the major character is t ics  of the problem can be obtained 
with the aid of ce r t a in  simplifying assumptions. The polarization-time curve for the 
limiting c a s e  in which the concentration polarization i s  z e r o  has  been calculated by  
Grahame, but his resul ts  show an  extremely rapid decay of the polarization which is not 
verified by experimental  observations of sys t ems  in  which concentration polarization 
occurs. . .  

diffusion electrode can be expected to be even m o r e  complex than those for  the f la t  
plate due to the g rea t e r  geometr ical  i r regular i ty  which r'esults in a n  inc rease  in  con- 
centration polarization. In addition, intensive studies of the porous electrode have 
revealed additional experimental  character is t ics  that  a r e  controversial .  
Yeager and co-workers (3) ,  using the interrupter  technique, have observed polarization 
vs. cu r ren t  relationships during experiments on the oxygen-fed porous carbon electrode 
which show that the polarization depends on the resis tance of the electrolyte. However, 
the accepted theory for the interrupter  technique indicates that the resis t ive component 
of polarization should not be observable with this technique. 
theory for  the porous electrode which includes the resis tance of the electrolyte within 
the pores  as well as concentration and activation polarization. The numerical  r e su l t s  
obtained with this theory are compared with experimental  results.  

The problems associated with a theoretical  t reatment  of the porous gaseous- 

F o r  example, 

This paper  p re sen t s  a 

THEORETICAL MODEL 

The porous gaseous-diffusion electrode is analogous to a bundle of tubes of 
uniform radius and length. (4) In  the a c t u a l  porous electrode the tubes o r  pores are 
quite tortuous and nonuniform i n  s t ructure  and diameter.  In  addition they a r e  inter-  
connected. 
sufficiently low capillary p r e s s u r e  to be maintained f r e e  of electrolyte a t  the prevailing 
differential  pressure.  
constricted tube as depicted in  Figure 1. The react ion of the active gas  occur s  on  the 
wall of the tube in  the region of the thin meniscus where the electrolyte and gas  a r e  in  
contact. This active electrochemical a r ea ,  called the diffuse three-phase zone, i s  
small relative to the total surface of the pore. Electrolytic conduction exis ts  through 
the length of the pore. 
erable  cu r ren t  density and, consequently, an  appreciable ohmic potential l o s s  may  
occur. In  this model, the pore region i n  the pore region i n  the p a r t  of the flooded 
porous s t ructure  adjacent to the main body of the electrolyte will be r e f e r r e d  to as the 
mouth. The pore region in  the p a r t  of the flooded porous s t ruc tu re  adjacent to the gas 
phase will be r e fe r r ed  to as the inter ior  region. 
assumed to separate  the inter ior  region and the mouth of the pore. All the r e s i s t ance  
of all constrictions which become flooded when the differential  gas  p r e s s u r e  dec reases  
is lumped into a single res is tance,  p ,  per  unit a r e a  of electrode. 

The small  po res  a r e  flooded and only regions of l a rge  diameter  have a 

I t  i s  proposed that the pore may be visualized in t e r m s  of a 

In  regions where the pore is constricted,  there will be consid- 

The constriction in the pore is 
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Fig. 1 
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Normally, under open-circuit  conditions, the a r e a  of the electrode wetted with 
When a cu r ren t  is drawn 

Where loads a r e  so small that diffusion 

electrolyte is uniformly covered with a l aye r  of active gas. 
which exceeds the flow ra t e  of gas  to the mouth, the active electrochemical  area 
degenerates to the diffuse three-phase zone. 
and convection mechanisms a r e  sufficiently rapid to replace the adsorbed gas which i s  
discharged, the flat-plate model of the electrode becomes adequate. 
he re  only with loads which r e su l t  i n  an active electrochemical  a r e a  r e s t r i c t ed  to the 
diffuse three-phase zone. Under such conditions, t he re  will be a high concentration of 
active gas in this zone. It i s  assumed that the electrode is operated in  a c u r r e n t  range 
where the gas  adsorbed on the surface in  the diffuse three-phase zone is approximately 
i n  equilibrium with the gas phase. In this a r e a  a fixed activity, oo , of gas  is assumed. 
In  the flooded inter ior  of the pore,  the equivalent gas-phase activity of the gas at the 
surface is 41, while i n  the mouth of the po re  the gas activity is a2. With these activi- 
t ies,  the following concentration potentials exist: 

We a r e  concerned 

where -11 
"( 2 
R is the gas constant, 
T is the absolute temperature ,  
f l  
F 

is the concentration polarization existing in the inter ior  of the pore,  
is the concentration polarization in  the mouth of the pore,  

is the number of electrons involved i n  the electrochemical  p rocess  and 
is the charge equivalent of a gram-mole of electrons.  

The discussion below may  be generally applied to  any gaseous electrode but l t e  
u s  consider,  in par t icular ,  the hydrogen electrode in  concentrated caustic. The value 
of the reat ios  of hydrogen activity may  be as high as 106 for observed polarization 
values of 200 mv. 
the formation of an activity gradient due to the water formed. 
volume of space accessible  to the water,  the water activity r a t io  never becomes as 
significant as that of the hydrogen. F o r  a 100% inc rease  in  water activity, a 1 0  mv 
change can be expected a t  9OOC. 
compared to surface concentrations of the gas,  the decay of water concentration polar-  
ization would require  much m o r e  t ime  (other pa rame te r s  being equal). F o r  the follow- 
ing discussion we will assume that water concentration polarization is negligible. 

When an external  load is suddenly removed, the concentration potentials begin 
to discharge through the long pore. 
normal  diffusion of ma t t e r ,  but i n  fine capillary po res  this p rocess  is extremely slow 
compared with electrochemical transport .  F o r  this discussion, re laxat ion of concen- 
tration gradients by diffusion is assumed to be insignificant. 
concentration gradients i n  the mouth of the pore is l imited by r e s i s t ance  and activivation 
polarization, whereas discharge in  the inter ior  of the pore is l imited only by the activa- 
tion polarization. 
remote f r o m  the diffuse lhree-phase z o ~ i e  L e ~ a u s e  Lhe area is re lal ively l a rge  arid lhe 
current  density is  extremely low. The equivalent e lectr ical  analog of the discharging 
process  i n  the pore is shown i n  F igu res  2 and 3. 
everywhere along the interface,  for this discussion i t  is assumed that the potential 
sources  a r e  localized as i n  Figure 2. 
Ti a and the capacitances of the double layer  (assumed constant) a r e  C1 and C2 
associated with the inter ior  and mouth portions of the pore,  respectively.  
of potential balance a r e  

Long periods of anodic operation of the hydrogen electrode r e su l t  i n  
Because of the g rea t e r  

Since water is p resen t  i n  macroscopic  quantit ies 

The concentration gradients  m a y  r e l ax  through 

The discharge of the 

The activation polarization is considered negligible i n  regions 

Although potential sources exis t  

The activation polarization is represented by  

The equations 

where i2,  the cu r ren t  i n  the resis t ive leg, is defined as the sum of the faradaic  cu r ren t  
through the potential source 3 2 and the capacitative cu r ren t  discharging f r o m  C2. 
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SCHEMATIC DIAGRAM OF ELECTRICAL 
ANALOGUE OF PORE 

CI +--- 
TI - 

P 
4- 

Fig. 4 

EFFECT O F  C ON P O L A R I Z A T I O N  

I * o  

I 
0 

C = 4 x t d5 
2x10-5 

1.5xto-5 

3 
TIME - MILLISECONDS 

0.5 I .o 1.5 2.0 

B-108 



' ~ >  The cur ren t  i s  s imi la r ly  defined, a s  the s u m  of the faradaic  cur ren t  through 71 
and the cur ren t  discharging f rom C1. 

where V 1  and V2 , the equivalent volumes of gas  per  cm2 of surface a rea ,  represent  
the capacity of the sur faces  in  the in te r ior  and mouth of the pore for  adsorption of the 

the equivalent volume may be v e r y  large. It i s  assumed that the activity of hydrogen 
in the m a s s  of the solid heterogeneous oxide changes homogeneously and continuously. 
In numerical  calculation, these volumes can be assumed to include both the equivalent 
volume of adsorbed gas and the volume of dissolved gas i n  the electrolyte  contained in 
the appropriate region of the pore. 

If the t ransmiss ion  coefficient is 1 / 2 ,  the equation relating activation polar iza-  
tion and cur ren t  may be wri t ten 

' gas. In the case of discharge of hydrogen ions on a severe ly  oxidized metal  latt ice,  

n F 7 0  i ,  + i, = 2 io sinh - 2 RT (5) 

where i o  i s  the exchange current. Equations (1) through (5) can  be combined (see 
Appendix) to yield the following simultaneous, f i r s t -order ,  nonlinear, differential 
equations. 

'.\ 

v ~ o n 2 F 2  -- dt 
c,+- e 

RT 

These equations a r e  in  a f o r m  suitable fo r  solution on a n  analogue computer. 

RESULTS O F  ANALOGUE COMPUTER CALCULATIONS 

Equations (6) and (7) f rom the preceding section were used to determine the 
Vao , variat ion of polarization with t ime for var ious values of the pa rame te r s  

EASE Model 1032 analogue computer a t  the UAC Resea rch  Laboratories. 

a r e  l is ted below. 

C , 
' i , and p occuring in  these equations. The equations were solved using a Berkeley 

The values 01 paramete r s  liicorporaled into the analogue computer p rogram 

n 

F 

R = 8.34 joules/&grea d e  

= 2 dactmns/molc for the c u e  of hydrogen 

- 96,500 c o u l m s / m a q u i v e n t  or electraaa 

T -460-K 

c I  = c 2  = 1.5 10-5 to 4 10-5 farad/cra2 

oo - 4.46 x 10-5 =oi~s/& at 91.p conditions 
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Fig. 5 

E F F E C T  OF Vao ON P O L A R I Z A T I O N  
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p = 5 to 20 ohms 

2 lo = 10-3 to 10-5 

V I  ~2 = to 10-7 cm3/cm2 at SPP conditions 

v a g =  5 x 10-l3 to 5 x 10-12 rnoles/m* 

The quantity, It represents  
the effective thickness of the hydrogen-depleted zone to which hydrogen activity is being 
returned. 
dimensions of the hydrogen atom, namely 10-8 cm. 
corrected b y  the molar volume rat io  appropriate to the gaseous s ta te  which a t  a tmos-  
pheric p r e s s u r e  is 10-3 to 10-2 t imes as dense as the adsorbed state. 
surface coverage (5) by  hydrogen i n  competition with an electrolyte such as KOH is 
only about 1% o r  l e s s  s o  that a n  additional factor of 10-2 o r  l e s s  may  be required. 
resul tant  over-all  V o r  l e s s  for  the case  of pure hydrogen 
adsorbed on  an oxide-free surface. If, however, the surface is i n  a state of oxidation 
involving one to l o 4  oxide l aye r s ,  then the oxide l aye r  may  be up to c m  in thick- 
nes s  and the resultant over-all  Vj0 factor may  range f r o m  4.46 x 
moles/cm2 or less. rog ram a r e  representat ive of 
the moderately low range, namely 5 x 

and ,o is shown in F igu res  4 through 7. The effects of C and V u o  a r e  closely inter-  
re la ted because of their  simultaneous occurrence in  the denominators of Equations (6) 
and (7). 
negligible effect until C approaches the magnitude of the exponential. F o r  the value 
of the variables used i n  these calculations, the effect of increasing C is to dec rease  
the initial slope and reduce the curvature as shown i n  Figure 4. 

ential factor. 
becomes negligible and the exponential t e r m  dec reases  the slope and inc reases  the 
flatness of the long t ime  decay portion of the curve as shown i n  F igu re  5. 

of the polarization decay curve to increase.  
may  a l so  b e  seen analytically: when C is l a rge  compared to the exponential t e r m ,  
Equations (6) and (7)  can  be  combined to give 

V , has units of length s ince i t  is volume p e r  unit of area.  

If the zone is a b a r e  metall ic unoxidized surface,  the length in  question has  
However, this length mus t  be  

In addition, the 

The 
factor  is 4. 46 x 

to 4. 46 to  
The values used i n  the computer 

t o  5 x 10-p2. 
The variation of polarization fo r  various values of the pa rame te r s  C, V u o  , io, 

If the exponential t e r m  is l a rge  relat ive to the init ial  value of C there  is 

The effect of the magnitude of V a o  is influenced by  the rapidly changing expon- 
At low polarization values and high values of V q o  the capacitance term 

F o r  a given polarization, increasing i o  causes  the slope of the init ial  portion 
This variation is shown i n  Figure 6. This 

d t  dt  

2 iosinh a 

The effect of increasing ,a is s imi l a r  to the effect of increasing C and V a 0  

In general ,  the calculated decay curves shown in  Figures  4 through 7 fall off 
simultaneously, 

slowly and at  a given t ime the values of polarization a r e  substantially above the values 
predicted by Grahame (1) for  his highly simplified model (see F igu re  8). F o r  the case 
where i is  l o m 3  amp/cm2,  C is 2 x farad/cmZ, V a o  is 10-12 moles / cm2  
a n d p  is 10 ohms, the theory presented he re in  predicts  a 50% decay in polarization 
during the f i r s t  millisecond. Fo r  the same i o ,  and C , Grahame's  r e su l t s  which 
neglect concentration changes predicts a 90% decay in  polarization af ter  one mill i-  
second. 

F igu re  7 shows the calculated family of curves  obtained by varyingf . 

DISCUSSION 

A quantitative comparison of the theory developed in  this paper with r e su l t s  
obtained experimentally is extremely difficult because of the problems that a r i s e  in 
p rec i se  evaluation of such pa rame te r s  as C and V a o  i n  an experimental  electrode. 
However, the qualitative comparison of theoretical  and experimental  r e su l t s  is not 
difficult. Experimental  data  for  a hydrogen electrode i n  a KOH cel l  operating a t  
temperatures  of approximately 19OoC. were obtained a t  the UAC Research Laboratories.  
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EFFECT OF ON POLARIZAT I O N  

O O  0.5 1.0 1.5 2.0 
T I  ME-MI LL I SECONDS 

F i g .  8 

THEORETICAL DECAY O F  POLARIZATION FOR 
FLAT PLATE WITH NO CONCENTRATION CHANGE 

I . o \  

I \ c = 2  x farad/crn 2- 

O O  0.5 I .5 2 .o 

IO 
5 

T I  ME-MI LL I SECONDS 

B-112 



\ 
I 

',- 
' 

Representative decay curves f r o m  these experiments a r e  shown i n  Figure 9. 
shape of these curves is s imi l a r  to that of the experimental  resul ts  reported i n  
Reference 6 .  
decay ( less  than 25% for  t imes l e s s  than 1 millisecond). 
qualitatively by the theory presented herein as indicated b 
ip Figure 9 which is plotted for  a value of i o  equal to lO-{amps/crn2. The values of 

The 

The mos t  significant feature of these curves is  their  relatively slow 
This feature  is reporduced 

the theoretical  curve shown 

1 fo r  the experimental  data were estimated by combining the values of i~ and 7 2  ' observed experimentally with a n  experimental  value of p (of the o rde r  of 5 ohms) in  
Equations (3) and (5). 
responding to '?>: ?, was a l so  calculated. In all cases  the estimated values of 0 

were found to be between 10-2 and 10-3 amps/cm2. 
theory proposed in  this paper a r e  obviously in  better agreement  with the experimental  

had been plotted instead, the agreement  with the present  theory would not have been as 
good but the agreement with r e su l t s  calculated f r o m  Grahame's  theory would have been 
much worse). Although the theory presented he re in  is i n  reasonable agreement  with 
the experimental  resul ts ,  i t  is obvious that the shape of the experimental  curve is not 
satisfactorily reproduced. The major point of difference between the theoret ical  and 
experimental  curves is i n  the relatively fast  init ial  decay coupled with an abrupt  change 
in  slope during the f i r s t  0. 1 millisecond for  the experimental  case. This abrupt  change 
indicates that two decay p rocesses  a r e  operative initially and that one relaxation 
p rocess  is relieved i n  a short  time. 
for i n  the theory by removing the assumption that 4 o By considering the 
relaxation t ime for a to recover  to its equilibrium value, c loser  agreement  between 
theory and experiment should result .  

The value of i for  the limiting case  of zero resis tance (cor-  

The values calculated using the 

a m p s / c m 2 ,  '\ data than a r e  those of Grahame. (If the theoretical  curve for  i o  

It i s  believed that this p rocess  can  be accounted 
is constant. 

The Resistivity Effect - The shift of the polarization decay curve with change 
2 i n  res is t ivi ty  of the electrolyte,  as indicated i n  Figure 7, shows that the proposed 

theoretical  model is able to predict  a resis t ivi ty  effect of the type suggested i n  Refer- 
ence 3. 
model, may be obtained i f  this equation is r ea r r anged  in the f o r m  

Fur the r  insight into the implication of Equation (3), which is derived f r o m  the 

T ~ ~ ? , , +  i , p  ( 3 4  

In this form, Equation (3a) can be interpreted as indicating that the observed polariza- 
tion i s  a simple addition of a pure activation polarization and a pure ohmic potential 
loss  i n  the manner of Figure 10. 
originally suggested by Yeager. (3) 
lend support  to this hypothesis. 
cathodic polarization curves of oxygen on carbon electrodes i n  solutions of potassium 
hydroxide of varying concentration go through a minimum at 5M KOH a t  which concen- 
tration the conductivity is a maximum, Figure 1 2  f r o m  the s a m e  reference shows the 
different cathodic polarizations for oxygen on carbon electrodes in  equal concentrations 
of sodium and potassium hydroxide. In the potassium hydroxide solution, which is the 

The possibil i ty that such a relation might exis t  was 
', The experimental  data of Urbach and Witherspoon (7)  

Figure 11 taken f r o m  Reference 7 shows that the 

,,, better conductor, the polarization is lower. 
In view of the theory presented he re ,  i t  is s e e n  that the interrupter  technique 

can reveal  a n  ohmic component of the polarization drop when the external  cu r ren t  path 
is broken because an  internal cu r ren t  through the pore continues to flow until the 
polarization has  completely decayed and the ohmic l o s s  must  therefore  become a com- 
ponent of the observed polarization as shown by Equation (3a). 
check on the validity of Equation (3a) can be obtained by  examining the polarization vs  
cu r ren t  curves  of Figure 12 for  l a rge  values of the cel l  current.  The rat io  of slopes 
under these conditions should approximate the resis t ivi t ies  of the electrolytes since,  
fo r  l a rge  values of cu r ren t  

A rough quantitative 

- 

In  the experimental  data of Figure 12, the rat io  of slopes for high cu r ren t  
densit ies is 1. 3 whereas the r a t io  of res is t ivi t ies  of sodium and potassium hydroxide 
is 1. 55. The relationship between the r a t io  of slopes and the rat io  of res is t ivi t ies  i s  
good since the rat io  of the slopes should be on the low side except i n  the limit, as 
indicated by the expression 

' 

B-113 



Fig.9 

E X P E R I M E N T A L  P O L A R I Z A T I O N  DECAY VS TIME 

I .o 

7/70 O O 5  

- EXPERl MENTAL - -- 
DATA P- 

\ 10% io> 10-3 
\ 
\ PRESENT THEORY 
\ io= - 
\ 
\ 
\ 
\ 

\ 
\ 

\ 
\ 

\ -. 
0.5 

TI ME -MI LL I SECONDS 
I .o 

Fig. 10 

COMPONENTS OF OBSERVED P O L A R I Z A T I O N  
IN POROUS ELECTRODE 

OBSERVED 
POLARIZATION 

LINEAR OHM 
COMPONENT 

C 

CURRENT DENSITY 

B-114 



r 

\ 

\ 

1 

The resis t ivi ty  effect permits  one to write the concentration polarization a s  the 
sum of a pure activation polarization and a pure ohmic potential loss factor. 
relation is possible only for a concentration polarization within the pore. 
polarization outside the pore must  be regarded in the classical  manner. 

This ' 
\ 

Concentration 

Flat  Plate as a Special Case of the Porous Electrode - The equations der ived 

In this ca se  
' f r o m  the model postulated he re in  can be reduced to those of Grahame (1) in  the special  

ca se  where tlie resist ivity,  , A ,  of the electrolyte approaches zero. 
Equation (3) can be writ ten ( 

= 1 2  
(11) 

1 
F r o m  Equations (2), (3) .  ( 6 ) ,  and (7). we can therefore  deduce (see Appendix) 

(12) 

If, in Equation 12, Vgo is representat ive of a clean unoxidized surface,  then 
\ the coefficient of the exponential t e r m  is negligibly sma l l  and we obtain an equation 

identical in f o r m  with Grahame's  (1) expression for  the flat  plate electrode. 

1 
The integration of Equation (12) yields 

The constant 7 is the init ial  polarization. If the concentration polarization has  been 
negligible V Q becomes extremely small. Therefore,  the exponential t e r m  i n  the 
denominator of Equation (12) may be neglected and Grahame's  integrated fo rm can be 
obtained (Equation 14). 

Equation (14) was based on the assumption of unchanging concentrations in  
Crahame's  (1) paper. 
assumed that somc a r c a s  of thc flat  platc aro m o r c  anodic than others  so  that they 
suffer a slight drift  away f r o m  the equilibrium concentration of adsorbed hydrogen when 
under heavy external loads. 
sumed to possess  the equilibrium concentration of matter.  If concentrations change, 
then the integrated form,  Equation (13). may r ep resen t  the polarization decay where 
the exponential factor is appreciable. 

pract ical  problems associated with the development of porous electrodes is the deter-  
mination of the optimum operating p r e s s u r e  drop a c r o s s  an  electrode. 
i t  has  been noted that the polarization inc reases  as the differential  p r e s s u r e  a c r o s s  an  
electrode decreases.  
grounds that the decrease- in  p r e s s u r e  increases  the flooding of the pores  and thereby 
inc reases  the lumped resis tance of the electrolyte. 
cu r ren t  l imited by the viscous flow of gas through the pore predicts  that the c u r r e n t  
density should be related to the square of the differential  pressure.  
a resis t ive t e r m  might be included in  Hunger's (4) theory to account for  additional 
cu r ren t  limitation by the ohmic factor. 

Equation (13) can be extended to the flat  plate case  i f  i t  is 

The m o r e  sluggish a r e a s  of the electrode may  be p re -  

Effect of Change in  the Differential P r e s s u r e  Across  an  Electrode - One of the 

Experimentally 

This effect i s  qualitatively explained by  the p re sen t  theory on the 

Hunger's (4) theory of electrode 

I t  would s e e m  that 
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> Effect Of Increasing the Number of P o r e s  - The present  state of porous s intered 
I 

1 
' 
I 
i 

electrode technology does not permi t  an unlimited increase of the number of pores  
within an electrode without concomitant reduction in the diameter  of the pores. While 
the active a r e a  may increase  with increased  numbers of pores ,  the ohmic-loss factor  
must  also simultaneously increase  so that a minimum may be expected in the function 
relating electrode polarization and pore size. 

CON c LU SION s 

A model of the porous electrode has  been presented which provides a bas is  for 
calculating polarization decay curves for  e lectrodes which have significant amounts of 
concentration polarization in the pore. 
curves  shows qualitative agreement  between the long-time values of polarization. In 
par t icular ,  the inclusion of concentration polarization eliminates the extremely rapid 

( decay of polarization which was obtained in  e a r l i e r  theoretical studies. (1) 
gives r i s e  to a quantitative relat ion between the observed polarization and the ohmic ', potential l o s s  which i s  i n  agreement  with some experimental  data and concepts sug- 

' gested by Yeager. ( 3 )  Finally, the t reatment  indicates that concentration polarization 
, 

, 
Comparison of theoret ical  and experimental  

The model 

inside a pore behaves a s  the sum of a pure ohmic potential loss  and a pure activation 
polarization, > 

\ 

APPENDIX 

3; 
'. as  shown below. 

The basic  Equations (1) through (5) lead  to the resu l t s  of Equations (6) and (7) 

Eliminating r u f r o m  Equations (2) and (3)  i t  follows that 

. 7 7 - 7 7 ,  
t2 = ~ P j 

Eliminating i 2 f rom Equations (4b) and (15) i t  follows that \ 

\ 
\ 

Equation ( l b )  can be rear ranged  and differentiated. 

I 
dc, The volume, V2 , i s  constant and --_ can be eliminated from Equation (16) 

'with the expression ( 1 7 ) .  d t  

\ 

I 
Equation (6) i s  a r ea r r angemen t  of Equation (18). 
Equations (4a) and (4b) may be added to yield that the total current. 

t 
If Equation (2) i s  multiplied by , and the hyperbolic sine of each member  

' i s  taken, then using Equation (5) 
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Using (17) and the analogous equation for ,J 1 Equation (19)  can be writ ten 

Using (21)  t o  eliminate i l  - j2  Equation (20) can be writ ten 

The derivative of T z  with i t s  coefficient can be eliminated through (18) S O  that 

Equation (23) is a rea r r angemen t  of Equation (7). 
Equation (11)  leads to Equation (12) i n  the following manner. In  Equation (5) we 

write 1 f o r  ( 11 - 
current. 

12 ) and using Equation (4a) without subscr ipts  we eliminate the 

do C d q  nF77 nFV - - -- = 2 1 ,sinh __ 
d t  d t  2 R T  

Using Equation (17) . do can be eliminated to yield (25) which is a fo rm of 

Equation (12) can  be r ea r r anged  and integrated to give 

The exchange cu r ren t  is relat ively unaffected by changes i n  concentration since 
was assumed constant. 

40 ,t 
The left  member of (26) can be broken into a s u m  of integrals. 

r 

d I- d 
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When the integration is performed the r e su l t  is Equation (13). 
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